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Suppose that the input to an n bit sequential A to D converter without 
sample-hold fluctuates while the successive bits of the digital output 
are being decided. We show that this variation cannot fool the converter 
into making gross errors. In fact the output digital signal falls within 
1/2 ~+1 of full r~nge of the input signal at some (albeit unknown) instant 
during the cycle. 
During a conversion cycle (see Fig. 1) each switch is closed in turn, 
beginning with switch 1. If the output at A is positive after closing the 
switch it is left closed; otherwise it is reopened before proceeding to the 
next switch. The digital output for the cycle is the value at B after the 
last switch (switch n) has been examined. Thus the cycle can be de- 
scribed as follows: 
The time varying input x(t) always lies in the interval [0, 2 ~+1] 
T(0) = 0 
T(k) = T(~ -- 1) + 2 ~+~-~ if this latter quantity is less th~n x(k); 
otherwise T(k) = T (k -  1) 
The digital output is T(n) + 1 
The above may be considered as the definition of T(k) + 1, the output 
at point B (see Fig. 1) just after switch k is examined. 
The theorem can be stated as follows: 
Let x(t) be continuous for 1 ~ t ~ n. Moreover let 0 <= x( t) <= 2~+~ for 
all such t. Then for some ~, 1 <= ~ <= n, I T(n) + 1 -- x(~) t <= 1. 
* The author was at Raytheon CADPO, :Norwood, Mass. when this work was 
performed. 
t Operated with support from the U.S. Air Force. 
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To prove this, consider first the case where all the switches are left 
closed, i.e., 
T(k  -- 1) + 2 ~+~-k = T(k )  <= x(k)  
for all k, whence: 
T(n)  = 2 ~ -~ . . .4 -1 -2  = 2 n+~-  2. 
Since 
T(n)  <= x(n)  <= 2 ~+1 = T(n)  + 2 
we see we may take ~ = n and satisfy the theorem. Similarly if all the 
switches are left open: 
T(n)  = 0 
2 > x(n)  > 0 
and again ~ = n satisfies the theorem. Now suppose some switches are 
left closed, and others are reopened. Let switch N be the last switch 
reopened. That  is: 
T(k -- 1) + 2 "+~-k =< x(]c) 
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for all k > N and: 
Since 
T(N - 1) -~- 2 n+l-z¢ > x(N) .  
T(n)  = T (N  -- 1) + 2 ~+1-(N+1) + 2 n+l-(~+:) - . -  
= T(N-  1) +2 ~+I-N- 2 
we have the inequality: 
T(n)  + 1 >= x(N)  - 1. 
Similarly let switch S be the last switch left closed, i.e., 
T(k - 1) + 2 "+l-k > x(k)  
for all k > S but 
T (S  - 1) + 2 n+l-~ =< x(S) .  
In this case 
whence:  
+2 
T(n)  = T (S  - 1) -t-2 n-{-l-S 
T(n) + 1 < x(S) + 1. 
Now x(t) -t- 1 is at least equal to T(n)  ~- 1 when t = S. If  x(t) + 1 
never equals T(n)  -~- 1, then it must exceed it everywhere-- in particular 
at t = N. Thus: 
x(N)  + 1 > T(n)  -1- 1 >= x(N)  - 1 
which proves the theorem. 
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